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ON THE GEOMETRY OF METRIC MEASURE SPACES WITH 
VARIABLE CURVATURE BOUNDS. 

CHRISTIAN KETTERER 


Abstract. Motivated by a classical comparison result of J. C. F. Sturm we 
introduce a curvature-dimension condition CD(k, N) for general metric mea¬ 
sure spaces and variable lower curvature bound k. In the case of non-zero 
constant lower curvature our approach coincides with the celebrated condition 
that was proposed by K.-T. Sturm in [Stu06b] . We prove several geomet¬ 
ric properties as sharp Bishop-Gromov volume growth comparison or a sharp 
generalized Bonnet-Myers theorem (Schneider’s Theorem). Additionally, our 
curvature-dimension condition is stable with respect to measured Gromov- 
Hausdorff convergence, and it is stable with respect to tensorization of finitely 
many metric measure spaces provided a non-branching condition is assumed. 
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1. Introduction 

Metric measure spaces with generalized lower Ricci curvature bounds have be¬ 
come objects of interest in various fields of mathematics. Since Lott, Sturm and Vil- 
lani introduced the so-called curvature-dimension condition CD(K,N) for K £ R 
and N £ [l,oo] via displacement convexity of the Shanon and Reny entropy on 
the L 2 -Wasserstein space |LV09 , IStuOGa . IStu06b ; a rather complete picture of 
the geometric and analytic properties of these spaces has been developed (e.g. 

| Raj 1 2[ |Gig[ IAGS14IIAGS15I IHKS| i. Their approach is based on and inspired by 
recent fundamental breakthroughs in the theory of optimal transport (e.g. |Brc911 
IMcCOll ICEMSOll lottoin . 

However, the condition of lower bounded Ricci curvature is also very retrictive. 
Neither non-compact smooth Riemannian manifolds do admit a global lower cur¬ 
vature bound in general, nor does Hamilton’s Ricci flow in general. Moreover, one 
cannot exceed the information that is encoded by the constant curvature bound. 
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Therefore the regime of results is limited. However, in the context of smooth 
Riemannian manifolds variable lower Ricci curvature play an importan role. For 
instance, one can deduce refined statements for the geometry of the space, e.g. 
|VeylO[ IAub071 IGW071IPW971IPS981 ISch72| . Therefore, it seems natural to ask 
for a suitable extension of the theory of Lott, Sturm and Villani. For dimension 
independent situations a definition is proposed by Sturm in fStual . But to deduce 
finer geometric results one also must bring a dimension bound into play. 

In this article we will focus on the finite dimensional case and introduce a 
curvature-dimension condition CD(k,N) for metric measure spaces (X,d x ,m x ) 
where the lower curvature bound k : X -A R is a lower semi-continuous function. 
Before we describe our approach, let us remind that Lott, Sturm and Villani define 
the curvature-dimension condition CD(0,N) of an arbitrary metric measure space 
(X, dx,m x ) via displacement convexity for the TV-Reny entropy functional 


Sn{q m x ) = - / g 1 "d m x . 

Jx 

(The definitions in (LV09I and in IStuObb] slightly differ.) In jStu06b] Sturm gave 
a definition of CD(K, N) for general K £ R via so-called distorted displacement 
convexity (see also |Vil09j b This approach involves the concept of modified vol¬ 
ume distortion coefficients t^ n (6) that do not come from a linear ODE but are 
motivated by the geometry of Riemannian manifolds. They capture the geomet¬ 
ric fact that Ricci curvature of a tangent vector v is the mean value of sectional 
curvatures of planes intersecting in v. Roughly speaking, non-zero curvature only 
happens perpendicular to v. Our idea is to introduce generalized volume distortion 
coefficients as follows. We define 


r(‘) 






where k^(td) = ko y(t), 7 : [0,1] —>■ X is a constant speed geodesic and cr(, t) iJV (^) is 
the solution of 


( 1 ) u"{t) + hMdlo? u = 0 

with it(0) = 0 and u(l) = 1 where 0 = |y|. We remark, that in the case of constant 
curvature k = K this yields 


a 


M 

K,N 


(I'll) 


sin K/J y(t|7l) 

sin K/JV (|'y|) 


that is precisely the definition of Sturm in |Stu06b| . 

A key property of the distortion coefficients is their monotonicity w.r.t. k which 
is a particular consequence of a classical comparison result of J. C. F. Sturm for 
1-dimensional Sturm-Liouville type operators. 


Theorem 1.1 (J. C. F. Sturm’s comparison theorem). Let k. k' : [a, 6 ] — > R be 
continuous function such that k! > n on [a, b] and s K i > 0 on (a, b } . Then s K > s K i 
on [a, b]. 

s K is a solution of 0 with k/N = k and 7 (t) = t , an initial condition u(0) = 0 
and u'(0) = 1. The theorem is well-known in the context of Riemannian manifolds 
and smooth Jacobi field calculus. Its geometric counterpart is the celebrated Rauch 
comparison theorem. 
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In particular, from generalized distortion coefficients we also obtain a new char¬ 
acterization of the differential inequality u" < —ku (see Proposition 13.811 that ap¬ 
pears naturally in connection with lower curvature bounds on smooth Riemannian 
manifolds. 

Then our curvature-dimension condition takes the following form. Let (X, d x , m x ) 
be a metric measure space as in Definition 12.11 and assume for simplicity that for 
m^-a.e. pair (x,y) there exists a unique geodesic. Then (X, d x ,m x ) satisfies the 
condition CD(k,N) for N > 1 and a lower semi-continuous function k : X —> R if 
for any pair of absolutely continuous probability measures and Hi on X there 
exists a dynamical optimal coupling II £ V(Q{X)) such that 

> T ^“w/(l7l)0o(7o) _ ^ +^+ jAf (l7l)£ , i(7o)“^- 

for all t £ [0,1] and II-a.e. geodesic 7 . Here = fc 7 and k~ = k 7 - where 7 “ 
is the time reverse reparametrization of 7 . g t is the density of the push-forward 
of n under the map 7 1 —>■ 7 *. If we replace r fciJV by a k/N we say X satisfies the 
reduced curvature-dimension condition CD*(k,N). Let us emphasize that we do 
not assume any non-branching assumption for the metric measure space in general, 
and we also do not assume a quadratic Cheeger as in IAGS14] or an a priori lower 
curvature bound as in IStua] . 

This is the first part of two articles where we investigate the geometric and and 
analytic consequences of our curvature-dimension condition. The main results in 
this article are 

• The condition CD(k,N) for N £ [l,oo) implies CD(k,oo) in the sense of 
IStua] ('Proposition 14.101) . 

• For Riemannian manifolds the curvature-dimension condition CD(k, N) is 
equivalent to a lower bound k for the Ricci curvature and an upper bound 
N for the dimension ('Theorem 14.IIP . 

• A generalized Brunn-Minkowski theorem and a generalized Bishop-Gromov 
comparison theorm hold ^Theorem 15.11 Theorem 15.31 Theorem 15.9P . The 
latter results in particular yields a local volume doubling property and finite 
Hausdorff dimension. 

• A generalized Bonnet-Myers theorem ('Theorem IS.lOP . This is a non-smooth 
version of a result by R. Schneider [Sch72j (see also [ Amb57! IGal82| L It 
states that if the curvature doesn’t decreasing too quickly for large distances 
from a point, then the space is compact. There are also similar statements 
in the context of smooth Finsler manifolds and for the Bakry-Emery Ricci 
tensor in a smooth context (API41 [Zhal4l . 

• The curvature-dimension condition is stable with respect to measured Gromov- 
Hausdorff convergence fTheorem 16.9P . In particular, it implies that any 
family of compact Riemannian manifolds with uniform upper bound for 
the dimension, uniform upper bound for the diameter and equi-continuous 
lower Ricci curvature bounds that are uniformily bounded from below ad¬ 
mit a converging subsequence such that the lower Ricci curvature bounds 
converge uniformily to a continuous function that is a lower Ricci curvature 
bound for the limit space. 

• The curvature-dimension condition is stable under tensorization of finitely 
many metric measure spaces provided a non-branhing assumption is satis¬ 
fied ('Theorem 17.4P . 
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• The reduced curvature-dimension condition admits a globalization property 
(Theorem O. 

In the forthcoming addendum to this article we also investigate variants of the 
condition CD(k,N). Namely, following IEKS , Qht07l we introduce an entropic 
curvature-dimension condition and a measure contraction property as well as an 
-EVJj^jv-condition for gradient flows on metric spaces where k is a lower semi- 
continuous function. We will investigate their relation to each other and also to the 
reduced curvature-dimension condition presented in this paper. Provided stronger 
regularity assumptions we establish various equivalences and consequences. 

Additionally, considering the recent approach of Cavallctti and Mondino in [CM] 
to prove isoperimetric inequalities and various other functional inequalities in the 
context of non-branching CD- spaces with constant curvature bound our appoach 
seems very well adapted for tranforming their ideas to a non-constant curvature 
setting. 

In the second section of this paper we will present necessary preliminaries of 
optimal transport, Wasserstein calculus and geometry of metric spaces. In section 
3 we will introduce generalized distortion coefficients and we will present a new 
characterization of KM-convexity of a function u. In section 4 we give the definition 
of CD(k,N) in the general context of metric measure spaces, and in particular we 
will prove that is consistent with Sturm’s definition in |Stua| . The topic of section 5 
will be the geometric consequences of the curvature-dimension condition. In section 
6 , 7 and 8 we will prove the stability property, the tensorization property under 
a branching assumption, and the globalization property of the reduced curvature- 
dimension condition, respectively. 

Acknowledgements. The author would like to thank Yu Kitabeppu for his interest 
and many fuitful discussions. Major parts of this work have been written during 
the Junior Trimester Programm ’’Optimal Transport” at the Hausdorff Institute of 
Mathematics (HIM) in Bonn. The author also wish to thank HIM for the excellent 
working condition and the stimulation and open atmosphere. 

2. PRELIMINARIES 

Definition 2.1 (Metric measure space). Let (A, d x ) be a complete and separable 
metric space, and let m x be a locally finite Borel measure on (A', d x ). That is, 
for all x £ X there exists r > 0 such that m x (B r (x)) £ (0,oo). Let O x and B x 
be the topology of open sets and the family of Borel sets, respectively. A triple 
(X,dx , m x ) will be called metric measure space. We assume that m x (A) ^ 0. 

(X,dx) is called length space if d x (x,y) = infL( 7 ) for all x,y £ X, where the 
infimum runs over all rectifiable curves 7 in X connecting x and y. (A, d x ) is 
called geodesic space if every two points x, y £ X are connected by a curve 7 such 
that d x (x,y) = L(y). Distance minimizing curves of constant speed are called 
geodesics. A length space, which is complete and locally compact, is a geodesic 
space and proper ( TBBI01 . Theorem 2.5.23 ]). Rectifiable curves always admit 
a reparametrization proportional to arc length, and therefore become Lipschitz 
curves. In general, we assume that a geodesic 7 : [0,1] — > X is parametrized 
proportional to its length, and the set of all such geodesics 7 : [0,1] — > X is denoted 
with G{X). The set of all Lipschitz curves 7 : [0,1] — > X parametrized proportional 
to arc-length is denoted with CC( A). (A, d x ) is called non-branching if for every 
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quadruple (z,xo,xi,X 2 ) of points in X for which z is a midpoint of xo and x\ as 
well as of Xo and X 2 , it follows that x\ = X 2 - 

V(X) denotes the space of probability measures on (X,B x ), and P- 2 (X, d x ) =: 
V 2 (X) denotes the L 2 -Wasserstein space of probability measures p on ( X , B x ) with 
finite second moments, which means that f x d x (xo, x)dp(x) < oo for some (hence 
all) xo £ X. The L 2 -Wasserstein distance dw(Ak),£ti) between two probability 
measures po,Pi £ P'liX) is defined as 


(2) dvy(/z 0 ,/xi) = i/inf / d x (x,y) dir(x,y). 

y n Jxxx 

Here the infimum ranges over all couplings of po and p\ 1 i.e. over all probability 
measures on X x X with marginals po and p\. (TbfA), dw) is a complete separable 
metric space. The subspace of m x -absolutely continuous measures is denoted by 
V 2 (X, m x ) =: ^(nix)- A minimizer of @ always exists and is called optimal 
coupling between po and p\. 

A probability measure n on G(X) is called dynamical optimal transference plan 
if and only if the probability measure (eo, ei)*n on X x X is an optimal coupling 
of the probability measures (eo)*n and (ei)*n on X. Here and in the sequel 
e t : r(X) — > X for t £ [0,1] denotes the evaluation map 7 i-A 7 t . An absolutely 
continuous curve p t in V 2 (X, m x ) is a geodesic if and only if there is a dynamical 
optimal transference plan n such that (e t )*n = p t . We write DyCpl(/xo, pi) for the 
set of dynamcial optimal transference plans between po and p\. 

Let us recall the notion of Markov kernel. Let (Y. d r ) be a separable and complete 
metric space. A Markov kernel is a map Q : Y x B Y —> [0,1] with the following 
properties. Q{y , •) is a probability measure for each y £ Y. The function Q(-, A) is 
measurable for each A £ B x . 

Lemma 2.2. For each pair po,Pi £ ^(A) there exists a dynamical optimal cou¬ 
pling n such that 

dw(po,hi ) 2 = J d*(7(0),7(l))dn(7). 

and there exist Markov kernels A XOtXl , H^ and n 2 , 1 such that 

dn( 7 ) = dH X0:Xl ('y)dn(xo, Xi) = dU^^dpo^xo) = dM^^dp^Xx) 
where (eo,ei)*n =: x. 

Proof. For the existence of an dynamical optimal coupling, see |Vil09j . The ex¬ 
istence of the corresponding Markov kernels comes from the existence of regular 
conditional probability measures. □ 

3. kw-convexity 

Let n : [a, b] —> R be a continuous function. We study solutions to 

(3) v" + kv = 0. 

The generalized sin-functions s K : [a, fr] —> R is the unique solution of ([3]) such that 
s K (a) = 0 and s^(a) = 1. The generalized cos-function is c K = s' K . Solutions of <[3|) 
depend continuously on the coefficient n. More precisely, for each e > 0 there exists 
S > 0 such that \k — k'\oo < 6 implies | s K — s K ' |oo < e where re, re' : [a, b\ —> R. are 
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continuous. If 7 (t) = (1 — t)a + tb and v : [a, b] — > R is any solution of j3j, then 
v o 7 = u : [ 0 , 1 ] —>• M solves 

(4) u" + re o 7 | 7 | 2 u = 0. 

In particular, s K (j t ) solves Q with 14 ( 70 ) = 0 and ^|t= 0 s«(7t) = |"T(0)| = b - a. 
The next theorem is well-known. 

Theorem 3.1 (J. C. F. Sturm’s comparison theorem). Let : [a, b] —> K be 
continuous function such that k' > n on [a, b] and 5 .’ > 0 on (a, b\. Then s. > s.i 
on [a, 6]. 


Theorem 3.2 (Sturm-Picone oscillation theorem). Let re, re' : [a, b] —> K be contin¬ 
uous such that k' > k on [a, b\. Let u and v be solutions of (0) with respect to re 
and k' respectively. If u(a ) = u(b) = 0 and u > 0 on (a, b), then either u = Xv for 
some A > 0 or there exists x\ £ (a, b] such that v(x\) = 0. 

Definition 3.3 (generalized distortion coefficients). Consider re : [0, L\ —> R that 
is continuous and 9 £ (0,L]. Then 

CT ( t ) ( 0 ) = [tw if *«l(0,s] >c>0, 

1 00 otherwise . 

We also define tt k = sup{t £ [0, L] : s K (s) > 0 for all s < t} . If of (9) < 00 , t t-> 
of ( 6 ) is a solution of 

(5) u "(f) + n(t9)9 2 u(t) = 0 

satisfying u( 0 ) = 0 and u( 1 ) = 1 . 


Proposition 3.4. of (9) is non-decreasing with respect to re : [0,0] —> R. More 
precisely 

k(x) > k'(x) Mx £ [0, 9} implies of (9) > off (9) Vi £ [0,1]. 


Proof. Consider of (9) and off (9) for re and re' such that re(f) > re'(f) for all t £ 
[0,1]. By Sturm-Picone oscillation theorem off (9) = 00 implies off (9) = 00 . 
Hence, we only need to check the case when off (6) < 00 and off {6) < 00 . 

We use the idea of the proof of Theorem 14.28 in |Vil09] . We know that of' 1 (9) = 
off {9) = 0 and of (9) = off (9) = 1. Consider off(9)/of(9) =: h(t) for t £ (0,1]. 
We know that h( 1) = 1 and L’Hospital’s rule yields 


lim h(t) 
40 


s K (9) c K >(t9) 

- yrrr- lim ---— 

s K '(9) 40 C K (t9) 


5 .( 9 ) 

8 K >(9) 


< 1 . 


Hence, it is sufficient to check that h(t) has no local maximum in (0,1). For this 
reason, first we assume that re > re'. Set off (9) = f and of (9) = g. Assume 
there is a maximum in t 0 £ (0,1). Hence, (f/g)'(to) = 0 and (f/g)"(to) < 0. We 
compute the second derivative of f/g. 

flY = .f"a 3 - g"fg 2 , igg'fg' - 2 g'f'g 2 

V g) g A a 4 

g g g g 
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and therefore 

(f) = _ > 

The case where k > n’ follows from that if we replace n by re + e. Then a l '* ) +e (9) 
converges uniformly to er). 4 > ( 0 ) if e —> 0 . □ 

Proposition 3.5. For 9 £ (0, L\ and t £ (0,1) the map n £ (C([0, L]),| • |oo) H > 
<r%m e K>o U { 00 } is continuous where R>o U { 00 } is equipped with the usual 
topology. 

Proof. If all the distortion coefficients are finite, this follows from the stability of 
© under uniform changes of n. We only have to check the following. If n n —> k 

with respect to | • |oo, and if cr(. 4 ) (0) = 00 , then cr%>(0) f 00 . If a^(9) = 00 , then 

there exists r < 9 such that s K (r) = 0. If r < 9, then by the stability property 
s K „(r n ) = 0 for some r n < 9 and n £ N sufficiently large. Hence, <r^ (9) = 00 for n 
sufficiently large. Otherwise r = 9 and s K > 0 on (0, 9). Again by stability it follows 
that s Krl (9) 0 and s Kn —> s K w.r.t. | • |oo if n —> 00 . Therefore, for any compact 
J C (0,1) there exits no such that for each n > no we have s Kri (-9)\j > c > 0 for 
some c > 0. Hence, a £>(<?) f 00 for each t £ (0,1). □ 

Lemma 3.6. Let a, b £ R>o and n : [0,0] —► K as before. If (t(. 4) (9) < 00 , then 

(6) v (t) = (0)a + ( 9)b 

solves © in the distributional sense satisfying u(0 ) = a and w(l) = b. 

Remark 3.7. Given k as above we set n~ = ko (f> where <j>(t) = b + a — t. We also 
write k =: k + . cr(. 4 > (0) < 00 if and only if a ( *^(9) < 00 . This follows from Sturm’s 
oscillation theorem. 

To see this we assume a^ (9) = 00 and cb'i ( 9 ) is finite. Then s K has a zero in [0, 9} 
and s K - has no zero in [0, 9\. But s K (t) and s K (9 — t) are solutions of u" + ku = 0, 
and therefore Sturm’s oscillation theorem yields a contradiction. 

Proof. We have 

v"{t) = — re - ((l — t)9)9 2 a ( / fl t) (9) a — K(t9)9 2 (9)b 

and 

k - ((1 — t)9) = k + o 4>((1 — t)9) = k + (9 — (1 — t)9)) = n + (t9). 

Hence © solves © in the classical sense satisfying the right boundary condition. 

□ 

Proposition 3.8. Let k : [a, b\ —> R be continuous and u : [a, b] —> R>o be an upper 
semi-continous. Then the following three statements are equivalent: 

(i) u" + ku < 0 in the distributional sense, that is 

pb pb 

(7) / tp" (t)u(t)dt < — / ip(t)n(t)u(t)dt 

J a J a 

for any ip £ C£° ((a, b )) with <p > 0. 



8 


CHRISTIAN KETTERER 


(ii) It holds 

( 8 ) u( 7 (t)) > (1 - t)u( 7 ( 0 )) + tu( 7(1) + [ g(t , s)«;( 7 (s)) 0 2 u( 7 (s))ds 

Jo 

for any constant speed geodesic 7 : [0,1] —» [a, 6] where 0 =\ A f\ = L{ 7 ) with 
g{s 7 t) beeing the Green function of [0,1]. 

(iii) There is a constant 0 < L < b — a such that 

(9) «(7(i)) > (d)u('y(O)) + (e)u(j(l)) 

for any constant speed geodesic 7 : [0,1] —> [a, b] with 9 = | 7 | = L{ 7 ) < L. 
FFe set K-y = k o 7 : [ 0 , 0 ] —> R. 7 : [ 0 , 0 ] —> [a 7 b] denotes the unit speed 
reparametrization of 7 . FFe use the convention 00 • 0 = 0. 

(iv) The statement in (iii) holds for any geodesic 7 : [0,1] —> [a, b\. 


Proof. 1. First, we prove that (iii) implies (i). Since u is upper semi-continuous, it 
is bounded from above. Hence, crj-* ) (0) = 00 implies 1 x 07 ( 1 ) = 0 for any geodesic 7 . 
Therefore, one can find L > L' > 0 such that that s K > 0 on (0, 0] for any constant 
speed geodesic 7 : [0,1] —> [a, b] with 0 = I 7 I < L'. Otherwise u = const = 0. 
s «; 7 > 0 implies cr^(9') < 00 for any 0 ' £ ( 0 , 0 ]. 

Claim. For k and t fixed f : h of 1 (h) is twice differentiable at h = 0 and we 
have 


( 10 ) 


h £ [ 0 ,L] i-A &^(h) = t 


l + -(l-f 2 )K(0)/> 2 
6 


o(h 2 )l 


Proof of the claim: We can compute the first and second derivative of / at 0 
explicetly by application of l’Hosptital rule. Then we apply the Taylor expansion 
formula and the claim follows. 


If k > n > k, then 


o{h 2 )\ = - -t( 1 - t 2 )K(f))h 2 - t 


< ^\h)-t 


-(1 — t 2 )nh 2 + 1 
o 


= t-(l-t 2 )(K-K)h 2 +0(h% 


and similar 

o{h 2 )l > t^{l - t 2 )(n - k) h 2 + o(h 2 )^. 

Since k is uniformly continuous on [a, 6 ], we can choose h > 0 and (r , j)i=i ) „ 1) iv such 
that 

max/'v] ^ ri _i i ri j r h^ min< e 
for each i = 1,. .. N and each h £ [0, h\. 

Upper semi-continuity of u together with the condition © yiels continuity of u on 
[a, 6 ]. We consider s £ [a, b], h > 0 and a geodesic 7 : [0,1] —► [a, b\ such that 
70 = s — h, 71 = s + h and 71/2 = s and s ± h £ [r j — re, 77 + k] for some i = 1,... TV. 
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Then, from (fTT)l) and d9j) it follows that 
2 u(s) — u(s — h) — u(s + h) 
h 2 

^ k(s — h)u(s — h) + k(s + h)u(s + h ) m inj=i,—,JV o(h ) m inK| [r .._ feir . +h] 
- 2 6 + h? * 

s. ✓ s. 

—>k(s)u(s) —^0 

Multiplication with <j> G C^°((a, 6 )) such that (j> > 0, integration with respect to s, 
a change of variables and taking the limit h —> 0 yields 


J u(s)<f>"(s)ds < — j K(s)u(s)4>(s)ds 


(f>(s)ds. 


Since e > 0 can be choosen arbitrarily small, we obtain the result. 

2 . We prove the equivalence between (i) and (ii). We assume (i) holds. Consider 
v(t) = g(t, s)K('y(s))0 2 u(j(s))ds. Then v solves 

v"(t) = -k( 7 (s)) 6 » 2 u( 7 (s)) 


in distributional sense by definition of the Green function. Hence, u o 7 — v has 
non-positive derivative in the distributional sense, and it follows that u o 7 — v is 
concave (see Theorem 1.29 in (Simllj b This implies (ii). The backwards direction 
is straightforward and works like in the previous step. 

3. We prove that (i) implies (iv). The implication (iv) => (iii) is obvious. First, we 
assume that u G C([a, 6 ]) D C 2 ((a, b)). We consider the case when s Kl > 0 for any 
constant speed geodesic 7 : [0,1] —> (a, b ). The right-hand-side of j9]) is denoted by 
v(t) where t G [0,1]. It is positive for any t and solves v" + ^07 0 2 v = 0 with 
boundary condition u(0) = 11 ( 7 ( 0 )) and u(l) = 11 ( 7 ( 1 )). Hence, it suffices to check 
that has no local minimum in (0,1). Otherwise, there is r G (0,1) such that 

p)'( t) = 0 and )"(r) > 0. We can deduce a contradiction exactly like in 
the proof of Proposition [331 

Next, we consider when there is a a constant speed geodesic 7 : [0,1] —► (a, b) 
such that s Ky (to) = 0 for some t 0 G (0,0]. Again we adapt parts of the proof 
of Theorem 14.28 in (Vil09j . We show that u = 0. Let v(t) = s „ 7 (7 (t)) and 
w(t) = u o 7 (t). v satisfies v" + k 7 o 7 d 2 v = 0 and w satisfies w" + k 7 o 7 Q 2 < 0 . 
Consider — =: h. Then 

V 


(h'v z )' = h"v z + 2 vv'ti = 


W V — V w 


w"v — v"w — v'w' + 2 [y') 2 uw 


< - K 0 2 - + k0 2 - =0 

V V 


v 2 + 2vv'h' 

2v'w'v 2 — 2 {v') 2 vw 

O 


Hence, h'v 2 is non-increasing. Suppose there is r G [0,1] such that h'(r) > 0 then 
we also have that h'v 2 (r) > 0 and h'v 2 > C > 0 on [r, 1 ], for some constant 
C > 0. Hence h' > C^- v = s K 07 is in C 2 ([0,1]). Especially, it follows that 
v(S) = 5 + o(S 2 ). Thus, h’(h) > Cj?. It follows 



h(e)-h{6) > C 


—dr —> 00 

T 2 


if d —>■ 0 . 
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Hence h(S) — ► —oo if <5 — >• 0 which contradicts h > 0. On the other hand, if there 
is t G [0,1] such that h'[r) < 0, the same argument yields h(e) —oo if <5 — > 0. 
It follows that h! = 0 and w(t) = c- s K (t)). Especially u is differentiable at 
7 ( 1 ) G (a, 6) with u\ (7(0),7(1)) > 0, m (t( 1)) = 0 and u'(7(l)) ^ 0 if u ± 0 since 
it'( 7 ( 1 )) = 0 would contradict the uniquness of the solution of ([3]). But 11 ( 7 ( 1 )) = 0 
and m'( 7 ( 1 )) ^ 0 yields u(x) < 0 for x > 7 ( 1 ) which is not possible. Hence, u = 0 
and © holds. 


The equivalence between (i) and 
p (t>(t)dt = 1 and 


Co°(( 0 ,l)) with f 0 (j>{t)dt = 


< - 


Now, let u be just upper semi-continuous. 

(ii) yields that u is continuous. Consider <f> G 
<t>e(t) = <t>e e ^“((O^))- We set 

/ 0 nb 

4> e (—r)u(s — r)dr = / <j) e (t — s)u(t)dr 
-e J a 

for s G [a, c] with c < b such that c + e > b and e > 0 sufficiently small, n is 
uniformily continuous on [a, b\. Hence, for S > 0 we can find e > 0 such that for all 
e < e we have k(s — r) < k(s) + S. Then 

nb pb 

u"(s) = u-k 4>"{s) = / — s))"u(t)dt = / — s)u(t)dt 

J a J a 

f b 

/ 4> e (—r)n(s — r)u{r — s)dr < — (k(s) + S)u(s). 

J a 

Since w G C 2 ((a, c)) D ^([a, c]) the previous conclusion holds for u and k = k + S. 
Now, since u is continuous, u —^ u with respect to uniform convergence on [ a,c ]. 
And since solutions of <[3|) change uniformily continuous if the coefficient k changes 
uniformily continuous on [a, c], we obtain that s ^ 7 —> s «, 7 where 7 is a geodesic 
in (c, b). Hence, in the case that where s K7 > 0 for any constant speed geodesic 
7 : [ 0 , 1 ] —► (a, 6 ), we obtain that s « 7 > 0 for any constant speed geodesic 7 in (a, c) 
by Sturm’s comparison theorem. It follows that © holds for u : [a, c] —> [0, 00 ) and 
by uniform convergence it also holds for n|r ajC ] if e —>■ 0. Then, it holds for u since 
c can be chosen arbitrarily close to b. 

Finally, consider the case when there is a geodesic 7 in (a, b) such that s Ky ( 7 ( 1 )) = 
0. Then we can choose c sufficiently close to b and e > 0 sufficiently small such that 
there is a geodesic 7 in ( a,c ) with s« 7 ( 7 ( 1 )) = 0. By the previous steps it follows 
that u = (/> e * u = 0 that implies u = 0 . □ 

KM-concavity in metric spaces. We consider a metric space (X, d x ) and a lower 
semi-continuous function k : X —> R. We define continuous functions n n : X —> M 
in the following way 

K n (x) = inf {k(u)+ nd x (x,y)} < k(x). 

y£X 

We keep this notation for the rest of the article. n n is monotone non-decreasing 
and converges pointwise to k as n —> 00. For each K n and for each Lipschitz curve 
7 G CC(X) we can consider s K where k „ j7 = n n 07 and 7 : [0, L( 7 )] —> X is the 
1-speed reparametrization of 7 . If s Kn > 0 for all n, the generalized sin-function 
s Krl is monotone non-increasing with respect to n. Hence, the limit exists pointwise 
everywhere in [0, L( 7 )]. It is again denoted with s K7 . s K is upper semi-continuous 
and if k is continuous, s «, 7 coincides with the previous definition. This follows 
since converges uniformly to re 7 by Dini’s theorem. Therefore, the stability 
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of solutions of (j3]) under uniform changes of the coefficient k 7 implies that s Kn 
converges uniformity to the solution of ([3| with coefficient k 7 . We can see that 
s K7 > s K r if k, k! : X —> R are lower semi-continuous and «/ > re. In particular, we 
can consider X = [a, b] C R. 

Definition 3.9. Let re : X —> R be lower semi-continuous and let 7 : [0,1] —> X 
be in CC(X) with I 7 I = 8. Consider sequence re n from above. Then < 7 ^ (0) is 
monotone non-decreasing in RU { 00 }. We define the distortion coefficient with 
respect to k : X R along 7 as 

<(*):= lim <rW,(9)eRU{oo}. 

If re is continuous, the definition is consistent with the previous one. That is a'ff ( 9 ) 
equals afTfO) as in Definition 13.31 

Lemma 3.10. Let re : 2T —>■ R be lower semi-continuous, and let 7 £ CC(X) with 
| 7 | = 8. If ctk“ ) (0) = 00 for some t 0 £ (0,1) then <J^(0) = 00 for any t £ (0,1). 

In particular, either one has afp (9) < 00 for any t £ (0,1) and 

= s Ky (tO)/s K ^(9) where s Ky (d) ± 0 , or tr" (8) = 00 . 

Proof. For the proof we write re nj7 = re„ and re 7 = re. Assume aff (8) < 00 for 
each n £ N. Otherwise, there is nothing to prove. Then, we must have that 
SK n (tod)/ s k „(9) —► 00 . Let re = const < re n for all n. Hence, s Kn (t0) > sJftO). By 
proposition (13.81) we have that 

s^fstod) > a^(t 0 8)s Kn (t 0 9) 

and 

%(((1 - s)t 0 + s)9) > a i f~ s ’ > (to9)s Kn (t 0 6) + tx£° (t 0 9)s Kn {0) 

Hence, if we pick t £ (0,1), we can write t = sto or t = (1 — s)fo + s. If t = sto, we 
have the following estimate: 

s Kn (t0)/s Kn (0) > (t. 0 8)s Kn {t 0 8)/s Kn (8y 

^ v ^ 

—>-00 

Similar for t = (1 — s)to + s. Thus, (8) -A 00 for each t £ (0,1) if n —> 00 . □ 

Corollary 3.11. Let re : X —> R be lower semi-continuous, 7 is a geodesic in X. 
Then re i-a afff (6) is monotone non-decreasing in the sense of Proposition 

Proof. If k! > re, let n' n and n n be the corresponding approximations. It is clear 
from the definition that n' n > re„ j7 . Hence, a^) (8) > crj^ (8). Taking the limit 
n —> 00 yields the result. □ 

Remark 3.12. If 7 £ £C(X), we dehne 7 ~(t) = 7(1 — t ), and we set 

^7 7 

Therefore, one can see again that aff (8) = 00 if and only if cr (t l (0) = 00 . 

Corollary 3.13. Let re : X —> R be lower semi-continuous, and let u : X -A R>o 
be upper semi-continuous. Then the following statements are equivalent: 

(i) (u o 7 )" -(- re 7 it o 7 < 0 in the distributional sense for any constant speed 
geodesic 7 : [0,1] —► X. 
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(ii) There is a constant 0 < L < b — a such that 

u(j(t)) > ( 6 >)u( 7 ( 0 )) + t/*j. ( 0 )u( 7 (l)) 

/or any constant speed geodesic 7 : [0,1] —> X with 9 = |'y| = L( 7 ) < L. 

(iii) The statement in (ii) holds for any geodesic 7 : [0,1] —> X. 

Proof. If k is continuous, the result follows from Proposition 13.81 If k is lower 
semi-continuous, we consider n n for n £ N. 

(ii) =>■ (i): Since K n / k, we have cr^ ^ (9) f (&) for t £ (0,1). Then we can apply 
part 1. of the proof of Proposition 13.81 to obtain (J7J for u with k replaced by n n . 
That is 

— J (f)" {t)u{t)dt > J ((>(t)K ntl (t)u(t)dt 

= J [4>(, t ) K n,'y(t)u(t)] + dt - J [4>(t)K n ^(t)u(t)]-dt . 

s. v ✓ s. v ✓ 

<C< 00 

for any <f> £ <^“((0,171)) where the left hand side and C are independent of n. 
Hence, the right hand side converges to the integral of <j>K^u. 

(i) => (iii): We can apply part 3. from the proof of Proposition [3TSl and obtain ([9]) 
with k replaced by n n . By the definition of distortion coefficients for general k the 
result follows. □ 


Lemma 3.14. Consider A £ [0,1], 6 > 0, a curve 7 £ CC(X) with L(y) = 6 and 
k, k' : X —> R lower semi-continuous. Then 

> a^ x) ^ +XK ,(9f 

Especially, k h > log<r K is convex. 


Proof. For the proof we write = n n and re 7 = n. Assume (9) < 00 and 
tr$(0) < 00 for each t £ (0,1), since otherwise there is nothing to prove. We assume 
first that k and n' are continuous. Z : 1 1 —>- log [<x l f ) (9) 1 ~ x • cd* ) (^) A ] solves 

l" <-(1-A)k-Ak' - (l') 2 . 


Hence af^d) 1 A • cd? ($) A solves v" + ((1 — A) k + Xk’)v < 0 with boundary condition 
u(0) = 0 and i;(l) = 1. The result follows by the previous theorem. 

If k and k' are lower semi-continuous, we consider again their approximations 
by K n and n' n . We easily obtain that 


<tfW" A • W A > 


(1—A)/c n +AK 


-(«)• 


We show that <r^(_ x ^ K +Xk , ( 9 ) —cr|*( '_^) k+Xk ,(0)- One can check that (1 — X)n n + 
Xn' n < ((1 — A)k + \n') n . On the other hand, by continuity of the approximating 
sequence for all n £ R and for all x £ [0, 9] there exists m x > 2 ra and S x > 0 such 
that (1 — A )nfh + Areb > ((1 — A )k + \n') n on Bs x (x) for all m > m x . Hence, by 
compactness of [ 0 , 9] we can choose x\,... ,x n such that [ 0 , 9] C U;=i „ Bs x (a;*). 
Then (1 — X)n mn + Xn' m > ((1 — A)re + \n') n for m n := maXj m Xi . Hence, 


CT ((l-A) K +A K ') mn ( 0 ) — °’(l-A)K mn +AK , m W — a ((1 -X)k+\h')S®) ■ 




j(*> 
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Hence, a^_ x)Kn+x< ( 9) -A (t^_ x)k+Xk ,{9). □ 

Proposition 3.15. Let re : X —> R be continuous (lower semi-continuous). Let 
t £ (0,1). Then the map 

7 £ (CC(X), cU ^ <7<V (|7|) £«U{oo} 
is continuous (lower semi-continuous). 

Proof. If re is continuous, the result follows from Proposition 13.51 For re lower semi- 
continuous we consider its continuous approximation re n . Then by definition for 
any Lipschitz curve 7 £ CC(X) 

<V(l7l)t<i/_(|7l). 

In particular, 7 1 —► cr (t } / _(| 7 |) is lower semi-continuous □ 

Definition 3.16. Consider a metric space (Y, d y ) and a lower semi-continuous 
function re : Y —> R. We say a function u : Y — > [0, 00 ) is nu-convex if u < 00 and 
for all geodesics 7 : [0,1] —> Y 

(11) > o-^T t) (L(7))u(7(0)) + ct^.(L(7))u(7(1)) 

where re T = re 07 : [0, L( 7 )] —> Y and 7 is the unit speed reparametrization of 7 . 

We say u is weakly reit-convex if u < 00 and for all x,y £ Y there exists a geodesic 
7 : [0,1] —>- Y between x and y such that (fill) holds. 

f 

We say a function / : Y —> R U {± 00 } is (weakly) (re, TV)-convex if e~ w = u is 
(weakly) -^u-concave. We use the convention e°° = 00 , e~°° = 0. 

4. Curvature-dimension condition 

Let (X, d x , m x ) be a metric measure space. Given a number TV £ M with TV > 1, 
we define the N-Renyi entropy functional 

S N ( • |m x ) :P 2 (X)^R 

with respect to m x by 

v = g m x +v s i-a Sn(u) := Sn(u\ m x ) := — g 77 dv 

Jx 

where g m x -\-v s is the Lebesgue decomposition of v. If m x is a finite measure for 
each v £ V 2 {X) we have 

Ent(u|m x ) = lim N(1 + Sn(v)), 

IV—>00 

where Ent is the Boltzmann-Shanon entropy functional. 

We consider re = k/N where k : X —> R. is lower semi-continuous and locally 
bounded from below, and we set <r ( k ) , N (9) = <x { gl k (.g)/jv(l) = N (0) where 

7 £ CC(X) and (9 = I'll- 
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Definition 4.1. Let (X, d x ,m x ), k and 7 as before. We define generalized distor¬ 
tion coefficients with respect to k and N along 7 as 


r M 

r k^,N 


( 0 ) 


9 ■ 00 if k > 0 and TV = 1 

^ [°k%-iWl” otherwise. 


We use the conventions r ■ 00 = 00 for r > 0, 0 • 00 = 0 and ( 00 )“ = 00 for a > 0. 
If k > 0, we have < 00 if and only if 9 = 0, and = t if k < 0. 


Corollary 4.2. For k, k! : [0,1] —> K., TV, TV' > 0, t £ [0,1] and 9 > 0, 
cr (t) (9) N a {t) (9) n ' > a (t) (9) N+N ' 

(J k,NV’> a k',N'\ a ) — a k+k',N+N'\ u ) 

and, if TV > 1, 

r (t) (9) N a (t) (9) n ' > r (t) (9) N+N ' 

T k,N\ u ) a k l ,N'\ a ) — r k+k',N+N'\ a ) > 

and in particular 

(*) (n\N It) rn\N' > (t) tn\N+N' 

T k,N\ u ) T k',N'\°> - 1 k+k' ,N+N'\ U > 

Proof. The result follows directly from Lemma T3. 141 


Remark 4.3. For the rest of the article we always assume that (X, d x ,m x ) is a 
metric measure space and k : X —> R. is lower semi-continuous and locally bounded 
from below. In this case we say that k is an admissible function. It follows from 
Proposition 13.151 that if k is continuous (lower semi-continuous), the map 

7 e Q(X) I-A T^ / _ iJv (| 7 |) <E R >0 u { 00 } 

is continuous (lower semi-continuous) for t £ [0,1]. In particular, it is measurable 
and we can integrate it with respect to probability measures on G(X). 


Definition 4.4. Consider an admissible function k : X —> R, and let TV £ M 
with TV > 1. (X, d x ,m x ) satisfies the curvature-dimension condition CD(k,N ) if 
for each pair vq,i>i £ V 2 {X,m x ) with bounded support there exists a dynamical 
optimal coupling II of vq = godm. x and 17 = gidm x and a geodesic (r't)tgro.i] C 
Vi{X, m x ), such that 


( 12 ) 


,(l7l)0o (eo(7))~ 


R) 

k+,N 


,(l7l)0i (ei(7)) 777 dn (7) 


for all t £ [0,1] and all TV' > TV. £ 7 , = k o 7 where 7 : [0,1] —> X is a geodesic and 
7 its 1-speed reparametrization. The right hand side of (ll2l) is also denoted with 


T^,(n|m x ). 


Remark 4.5. If II is the optimal dynamical coupling from the previous definition, 
let n'(a;o, Xi)^) =: n^, o X1 (dy) be its disintegration with respect to (eo, ei)*II = 7 r. 
One can reformulate (fl2l) in the following way 


(13) 

SN'ffit) < 


T (1_t) in' 

'k-.N'y^x, 


L )Qo (xo) 777 + T$ N ,(R' X0 , Xl )ei (ail)" 


d7r(a;o,Xi) 


/T-(l-t) 

k~ ,N 



T k~*N'( l7l) dr[, ( d 7) 


where 
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for any measure IT £ G(X). 

Conversely, if there is a kernel IT ro Xi (dr/) such that for fj ,o and /ii there exists a 
geodesic /i ( and an optimal coupling n with (fl3l) . then X satisfies CD(k,N). 

Remark 4.6. In the case where k is constant the previous definition is equivalent 
to Sturm’s curvature-dimension condition in | IStu06b| since a measurable selection 
theorem yields a measurable map (x,y) H > 7 X) y £ G(X) where 7 x>y is a geodesic 
between x and y. 

Definition 4.7. Two metric measure space (X, d x ,m x ) and (X',d x ',m x /) are 
called isomorphic if there exists an isometry ip : supp m.v —> supp mx 1 such that 

fp* m x = m x /. 

Proposition 4.8. Let (X, d x ,m x ) be a metric measure space which satisfies the 
condition CD(k , N) for a continuous function k : X —> R and N > 1. 

(i) If there is an isomorphism ip : (X, d x ,m x ) —> (X 1 ,d x / , m x /) onto a met¬ 
ric measure space 5 5 ) then 'A X ' , m x ') satisfies the condition 

CD(ip*k, N) with ip+k = k o-ifr. 

(ii) For a A > 0 the rescaled metric measure space (X',ad x /,/3m x /) satisfies 
CD(a~ 2 k, N). 

(iii) For each convex subset U C X the metric measure space ( U , d x | uxu, m x |u) 
satisfies CD(k\u, N). 

Proof, (i) First, we observe that ip*k is lower semi-continuous and locally 
bounded from below, ip induces an isometry from V 2 {X,m x ) to V 2 {X' ,m x /), and 
the image of a geodesic in X is a geodesic in X'. Moreover, 



and 1 / 1*11 is an optimal dynamical transference plans provided II is so. Then result 
follows. 

(ii), (iii) The results follow easily. One can easily adapt the proofs of similar 
statements in |Stu06bl . □ 

In |Stua| Sturm gave the definition of the condition CD{k, 00 ) for a lower semi 
continuous function k : X —> R. 

Definition 4.9. (X, d x , m x ) satisfies the condition CD(k, 00 ) if for any pair po, /ri 6 
P 2 (X) there exists a IhVgeodesic yt and an optimal dynamical transference plan 
II such that Ht = (et)*II and 

(14) 

Ent(/it) < (1 — £) Ent(po) + tEnt(/xi) — / f g(s,t)k('y(s))\ A /(s)\ 2 dU('y)ds 

Jo Jg(x) 

for all t £ [0,1], g(s, t) = min{s(l — t),t( 1 — s)} is the Green function of the unit 
interval and Ent : ^(X) ->RU {— 00 } is the Shanon entropy functional. 

Proposition 4.10. Let (X,d x ,m x ) be a metric measure space which satisfies the 
condition CD{k , N) for a continuous function k : X —> R and N > 1. 

(i) If k' : X —>• R is a continuous function such that k' < k, and if N' > N, 
then (X, d x ,m x ) also satisfies the condition CD{k’ , N'). 
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(ii) If(X, d x ,m x ) has finite mass then it satisfies the condition CD{k 1 oo) in 
the sense of Sturm. 

Proof, (i) is an immediate consequence of the monotonicity of off ( 0 ) with respect 
to K. 

For (ii) it suffices to consider iso,vi £ V 2 (X,m x ) with Ent(r , o|nT. x ) < oo and 
Ent(/q \m x ) < oo. In any other case the right hand side in (fl4l) is oo. By assump¬ 
tion, (X, d x ,m x ) satisfies CD(k,N). Hence, there exists a dynamical optimal 
transference plan T betweem is 0 and Vi such that (fT^l) is satisfied for \/N' > N. 

Since m x (X) < oo it implies that Ent((e t )*r| m x ) = hmjv'->.oo(l+>S'Ar , (( e i)*r| m x ) 
for t £ [0,1], It follows 

N'(l + S NI ((e t %T\m x )) 


< -N' 


-(l-i)+r^_^,(|7|)eo(eo(7)) ^ ~t + T™ 


fe + iAr ,(l7l)£’ 1 (e i (7)) r(y) 


< (1 - t)N'( 1 + S N ,((e 0 )*r| m x )) + tN'( 1 + S N .(( ei ).T\ m x )) 


-N' 


( 1 -i) + CT^ 1 _‘^,(| 7 |) p 0 (e 0 (7)) 177 


t + o 


(t) 

k+,N‘ 


/(I'Vl) £>1(61(7))^ r(y) 


< (1 - t)N’( 1 + S^((e 0 ),r| m x )) + tN’( 1 + 5^(( ei )*F| m x )) 


- / N' 


(1 - - (1 " f) 


k~,N- 


,(l7l)- £7 fe+ 2V ,(l7l) r (7) 


=w{t) 

w solves w" = -fc 7 | 7 | 2 (cr^(| 7 |) 

f‘l 


w = 


T k+ jvdT'l)) with w( 0) = w(l) = 0. Hence 

ds. 


5(s,t)fc 7 |7| 2 (cr^_^(|7|) + cr^ jJV (|7|)) 


Since c>T_ „(|7|) + 07 + (I'Vl) —> 1 if N' —> 00 uniformily in 7 £ G(X) for fixed t, it 

jlV /C<*y . i V 

follows 


7V'(1 + S^((e t )*r|mx)) 

< (1 - t)N'{ 1 + SW'((eo)*r| m x )) + tN'{ 1 + SW'((ei)*F| m x )) 


1 


3 (s,f)fc 7 | 7 | 2 (cr[ 1 _ t ’ (I'Vl) + cr[‘i ^(IVI)) dsF(j) 


->• - 


J j g(s,t)kr Y \ A f\ 2 dsT('y) if N' —> 00 


and this implies the result. 


□ 


Theorem 4.11. Let (M, g Ml Vdvo\ M ) be a weighted Riemannian manifold for a 
smooth function V : M —> (0, 00 ). Let k : M —> R be a lower semi-continuous 
function and N > 1. 

The metric measure space (M,d M ,Vdvo\ M ) satisfies the curvature-dimension con¬ 
dition CD(k,N) if and only if (M, g M , Vdvo\ M )) has N-Ricci curvature bounded 
from below by k. 

Remark 4.12. For each real number N > n the IV-Ricci tensor is defined as 


ric Ar,y (w) = ric(u) — (N — n ) 
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where v £ TM P . For TV = n we define 


ric N ’ v (v) 


ric(u) + V 2 log V (v) 
— 00 


V log V (v) = 0 
else. 


For 1 < TV < n we define nc N,iSr (v) 


—oo for all u /0 and 0 otherwise. 


Example 4.13. Let (a,/?) = / C R be some interval where a,/3 £ 111 {±oo}. 
Let k : I —> M be a lower semi-continuous function and let u : I —> [0, oo) be a 
non-negative solution of 

u" + ku = 0 . 


Then for any TV > 1, the metric measure space 

satisfies the curvature-dimension CD(k,N). 

Proof. “<*=”: Pick a point p £ M and e > 0 such that fc|s 6 ( p ) > k e . There exists 
geodesically convex ball Bg(p) for 0 < S < e around p. Hence, 

(Bs(p),d M \B s (p),Vdvol M |b 4 ) 

satisfies the condition CD(k e , TV). It follows that the TV-Ricci tensor is bounded 
from below by k e (for instance see |Stu06bj ). If e goes to 0, we see that k e —> k(p) 
and the result follows. 

“=>”: The proof goes exactly as the proof of the corresponding result in IStuOfibl , 
ILV091 or ICEMS01I . □ 


5. Geometric consequences 
In this section we assume suppm x = X. 


Theorem 5.1 (Brunn-Minkowski inequality). Assume that the metric measure 
space (X,d x ,m x ) satisfies CD(k,N) for k : X —> R lower semi-continuous and 
TV > 1. Let Aq,Ai C X be bounded Borel sets with m x (Ho)m x (Hi) > 0. Set 
G(Aq,A{) = {7 £ G(X) : 7 (i) £ Ai,i = 0,1}. Then 


(15) 

ni x{A t )-*r > inf r‘ 1 _“^(| 7 |) m x (H 0 )^ 

7 € 5 (A 0 ,A!) fc 7 > N 


(|7|)m x (Hi)N. 

7eS(A 0 ,Ai) k i’ N 


where inf 7ee(AojAl) r‘}/ + / ^(| 7 |) > 0 . 


Proof. First, assume m(Ho),m(Hi) < 00 and set /q = m(Hi) 1 m| Ai for * = 0,1. 
The curvature-dimension yields 



Qt' dpt > 


r (i-o 


(|7|)m x (H 0 ) 1/Ar 




.(ItI) m x (kl 1 ) 1 / JV 


where (jm = Qtd m x ) t denotes the absolutely continuous geodesic that connects po 
and p-i , and n is an optimal dynamical plan. By Jensen’s inequality the left hand 
side of the previous inequality is smaller than m x (Ht)« T . The general case follows 
by approximation of Ai by sets of finite measure. □ 
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Definition 5.2 (Minkowski content). Consider xo £ X and B r (x o) C X. Set 
v(r) = m x (B r (xo)). The Minkowski content of dB r {x o) (the r-sphere around xo) 
is defined as 

s(r) := limsup - m x (B r+ s{xo)\B r (x 0 )). 
s- s-o o 


Theorem 5.3. Assume (X, d x ,m x ) satisfies CD(k,N) for an admissible function 
k and N £ [l,oo). Then, (X, d x ) is a proper metric space, each bounded set has 
finite measure and satisfies a doubling property, and either m x is supported by one 
point or all points and all sphere have mass 0. 

In particular, if N > 1 then for each Xq £ X, for all 0 < r < R and fcgl such 
that k\B R ( Xo ) > k an d R < 71 V{N — 1 )/fc V 0, we have 


(16) 


s(r) 


> 


r 


s(R) 

If N = 1 and k < 0 ? then 


— iV -1 


Sm */(N- 1 ) R 


& 


sir) 

s(R) 


> 1 , 


v(r) ^ Jo sin fc 
v{R) 


N ~ 1 tdt 
An- i) lCLt 


rR • jv —i 

Jo Sm fc/(-N-i) 


tdt 


v(r) 
v(R) R' 


> 


Proof. 1. Let us fix a point Xo £ X such that m x ({xo}) = 0, and let R > 0 
be sufficiently small such that k\B 2R ( Xo ) k for some k £ R. Let r £ (0 ,R) 
and put t = r/R. We choose e > 0 and 5 > 0 and define ^4o = B e (x o) and 
A\ = Bb.+sr{xo)\Bb.{xo). By triangle inequality one easily verifies that 

At C -Sr+5r+er/Ii(^'0)\-Br— er/Rixo) £ B2 r(xq). 

Hence, if we consider measures /i,; = m x (Ai)~ 1 m x \A t for i = 0,1 the curvature- 
dimension condition, m x ({xo}) = 0, local finitness of the reference measure and 
the monotonicity of the distortion coefficients imply that 

™. x (B {1+s)r (x 0 )\B r (xo)) 1/N > ((l ± 5)R) m x (B( 1+s)R ( Xo) \B R (x 0 )) 1/N ■ 

Since m x is locally finite, we can assume that the right hand side is finite. 

2. Now, we can follow precisely the proof of Theorem 2.3 in |Stu06bj to obtain 
that m. x (dB r (xo)) = 0 for r £ (0 ,R), m x ({x}) = 0 for x £ B r {xq)\ {xo} and (fl6l) 
and (??) for r £ (0, R) and R > 0 as chosen like in the first step. If m x ({xo}) ^ 0, 
we can choose a point x close to Xo such that m x ({x}) = 0 and B R {x) C B 2R (x o). 
This is implied by the local finiteness of m x and the existence of e-geodesics. If 
there is no such point x then necessarily suppm x = {xo}. We repeat the previous 
steps for x instead of Xq and obtain that m x ({xo}) = 0 unless suppm x = {xo}. 

3. Hence, for any Xq £ X there is R > 0 (sufficiently small) such that d x and 

m x restricted to B R (x o) satisfy a doubling property provided the radius of balls is 
sufficiently small, and therefore B r (x o) is compact for r £ (0, R). In particular, X is 
locally compact. Then, since ( X , d x ) is also a complete length space, the generalized 
Hopf-Rinow theorem (for instance, see Theorem 2.5.28 in [BBIOlI l implies {X, d x ) 
is a proper metric space. Therefore, any closed ball B R (x o) is compact, and we can 
repeat the previous step for any 0 < r < R. In particular, it follows that (fl6l) and 
(??) hold, and any bounded set has finite measure. □ 


Corollary 5.4 (Doubling). For each metric measure space [X, d x ,m x ) satisfying 
the condition CD{k,N) for an admissible k and N > 1 the doubling property holds 
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on each bounded set X' C X , and in the case k > 0 the doubling constant is < 2 N , 
and otherwise it can be estimated in terms of k, N and L as follows 

C<2 N cfff_ 1) L 

where L is the diameter of the bounded set X', and k = minx' k. 

Proof. The result follows from the previous theorem (see also iStu06bj h □ 

Corollary 5.5 (Hausdorff dimension). For each metric measure space ( X , d x , m x ) 
satisfying a curvature-dimension condition CD{k , N) for some admissible k and 
N > 1, the Hausdorff dimension is < N. 

Definition 5.6. Let (X,d x ,m x ) be any metric measure space, let N > 1 and let 
k : X —y 1R. be admissible. We define the effective diameter of (A", d x , m x ) with 
respect to k and N as 

TTfc/pv- 1 ) = sup |d w (/Lt 0 ,Mi) : 311 G DyCpl(/i 0 ,/xi) s.t. J T fc ( + ) / _ jv (| 7 |)dII( 7 ) < oo 

By definition, we have r K k/(N _ 1) < diam x . 

Proposition 5.7. Let (A,d x ,m x ) satisfy CD(k,N) for an admissible function k 
and N > 1. Then = diam x . 

Proof. Assume Tr k /(N-i) < diam x . Then, there are points x,y G X such that 
d X (x,y) > c + 7r k/(N _ 1 ) for some c > 0. Therefore, we can consider e-balls B e (x) = 
Aq and B e (y ) = Ai such that 

d x (A 0 ,Ai):= inf d x (x 0 ,Xi) > 7r fc/(JV _ i; ,. 

If we define y 0/1 = m x (A 0/1 ) _1 m x |a 0/1 , we see that dw^o^i) > 7r fc/(JV _i). Hence 
for each dynamcial optimal transference plan n G DyCpl(/i,o, pi) 

00 - J T i-~N ) (\'y\) dn -(l) m -x{A 0 )^ + J T fe ( + ) JV (|7|)dn(7)m x (Ai)w. 

But by the curvature-dimension condition the right hand side is smaller thatn 

~S N (p t \ m x ) < m x (A t )^ < m x (B R (o))Tr 

for some o G X and R > 0 sufficiently large such that A t C B R {o). A t is the set of 
all t -midpoints between Aq and A\. But by the Bishop-Gromov comparison tells 
us that balls have always finite measure. □ 


Definition 5.8. Fix a point x G X. Since dB r (x) is compact, we can consider 
min QB r (x) k = k x (r) for r < R x where R x = sup{r > 0 : dB r (x) ^ 0}. Let k x be 
the lower semi-continuous envelope of k x - It is clear that k x < k and k x induces a 
lower semi-continuous function on X - also denoted by k x - via 

y^k x {y) ■= k x {dx{x,y)). 


Theorem 5.9. Let X be a metric measure space satisfying CD(k,N). If N > 1 
then for each Xq G X, for all 0 < r < R such that R < we have 


s(r) 

s(R) 


> 


u r 

R 


& 


(r) fo si < x 7U-D tdt 


v(R) 


fo R sin l7(iv-i) tdt 


( 17 ) 
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Proof. First 


j inf {k x (c\ x (x,z))+n\d x (x,z) ~ d x (x,y)\} = k x (d x (x,y)) 

d x(x,z) 


and since k xn {r) t k x (r) we have k xn (d x (x, y)) =: kf x n (y) t k x (y )■ By monotonic¬ 
ity with respect to the curvature function X satisfies CD(k' x n , N). Hence, if we 
consider 0 < r < R < R x , and Ai with /x* for i = 0,1 as in Theorem 15.31 (replace 
xq by x), we obtain 

m x (B( 1 +s+e )r(x)\B { 1 _ e)r (x))^ > JT i ^^ N (\'y\)dU n ^sh) m x (B { 1 +s)R (x)\B R {x ))w 

where n „ iei 5 is an optimal dynamical plan between yo and fi±. Since the left 
hand side is finite, the right hand side is uniformity bounded and the distortion 
coefficients are finite almost everywhere. If e —> 0, compactness of closed balls 
implies that we can find a subsequence of n„ e g that converges to H Ut s for n —> oo 
and with (eo)*n . nv 5 = S x . The previous inequality becomes 

m x (H ( 1 + 5 )r (x)\H r (x)) > ^j r^ / ^ iJV .(|7|)(ffl n , £ , 5 (7)) m x (H ( 1 + 5 )i j(a;)\H i? (a;)) 

We remark that 7 1 —>• t^ / r) jy(| 7 |) is bounded and continuous for geodesics 7 in 

—x, n , 7 ’ 

a sufficiently large ball. Similar, if S goes to 0, we can take another sub-sequence 
of n nil5 that converges to n n . If we devide both side by Sr and take S —> 0, the 
previous inequality becomes 

s x (r) > ^ j C: V( iv-i)(l7l)^(7)) s x (R). 


(e 0 )*n n = 5 X and (ei)*n ra is a probability measure with (ei)*Tl n (dB R (x)) = 1 . 
Hence Tl n is supported on geodesics with 7 ( 0 ) = x and | 7 | = R, and by definition 
of kf xn we have that k' x n o 7 = kf x n (-R) is independent of 7. Therefore 


s x {r) 

s x (R ) 


(r/K) 


— a k x n /(iV-l) 


-n(fl) 


N -1 


Now, take n —»■ 00 . Since k xn f k x , one can check as in Lemma T3.14I that - after 
choosing another subsequence - Sk x 4- Sfc x ■ This is the first claim. The second one 
follows as in Theorem 15.31 □ 


Theorem 5.10. Let (X, d x ,m x ) be a metric measure space satisfying CD(k,N ) 
for N > 1. Assume there is point xo £ X, a constant c > —p- and R > 0 such 
that 

k(x ) > cd x (jp, x)~ 2 for all x £ X with d X (p,x) > R. 

Then X is compact. 

Proof. Choose a > 0 such that 


\(N-1)< (i + a 2 )(7V-l)<c 
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Assume (A, d x ,m x ) is not compact. Then we can find a point q £ A such that 
d x (p, q) > (R + S)e « for some 0 < 5 < R. We choose <5 > 0 and e > 0 such that 
2 e(2 — e~ S ) < 6 and 

min d x {x,y) =: d x (B e (q), B e (p)) > (R + 6)e°. 

x£B e (p),y£B e (q) 

We set B t (q ) =: A 0 and B e (p) =: A 1 and define probability measures 

(M = m x (A i ) _ Vx|A i 

where * = 0,1. Let q' £ B e (q) and p' £ B e (p). We consider a geodesic 7 : [0,1] —> X 
between q' and p' and estimate the curvature along 7 as follows. Let 7 be the unit 
speed reparametrization of 7 . For 0 < t < [d x {q',p') + 2e](l — e~ ») we have 

dx(p,7(*)) > d x (p',7(*)) - d x (p,p') > [d x {p',q') -t]-e 

> d x (q',p')e~« - 2 e(l - e~«) - e 

> (R + 6)-e(2-e~«) > R 


Therefore 


fc( 7 (t)) > 


> 


dx(p,7W ) 2 {dx(p,p') + d x (p', 7 (f )) 2 

> (« 2 + j)(JV - !)r— TTWTwp = : - 1) 

4 (e + dx{q',p') - t) z 

We obtain a lower estimate for the modified distortion coefficient along 7 . The 
generalized sin-function Skoj/(N-i) is bounded from below by s K which is given 
explicetly by 


s K (t) = C-\/e + d x (p',q') - t) sin alog( 


e+d x(q',p') — t 
, (e+d x (q ,P , ))e~ ,r/ ° 


where C is a normalization constant. We see that the second zero of s K appears at 
(e + d x (q',p'))(l - e~«) < d x {q',p') - R + e(l - ) < d x {q',p'). 

Therefore, the second zero of appears strictly before t = d x (q,p). Consequently 

a ko~/,N~l( 9 ) > VkH 0 ) = °°- 

We conclude that 


m x (A t )^ > j r£_^ ( (|7l)^n(7)m x (A 0 )^ + J ^l N ,{ |7|)cffl(7) m x {A^ = 00. 

At is again the set of all t- midpoints between Aq and Ai, and II is an optimal 
dynamical transference for /io and y\. As in the previous Proposition this yields a 
contradiction. Hence, A is compact. □ 


Example 5.11. The previous theorem is sharp in the sense that one can not improve 
the result by replacing the lower bound \(N — 1) for c by a smaller lower bound. 
For instance, consider 

([ 0 , 00 ), | • | 2 , dr). 

Using Theorem ILlll and Proposition l7.3l one can check that it satifies the curvature- 
dimension CD(k, N ) for 

H r ) = i(fV- 1 )W 2 
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k satisfies the assumption of the theorem for c = \{N — 1) and any p £ [0, oo) since 
k(r) ~ j(N — l)|r — p\f 2 for r > 0 sufficiently large but one cannot find a point 
p £ [ 0 , oo), c > |(X — 1 ) and R > 0 such that k{r)r 2 > c for r > 0 with |r— p \2 > R. 
A Riemannian manifold of geometric dimension N satisfying this property can be 
constructed via warped products. 


6. Stability 

Measured Gromov-HausdorfF convergence. A rectifiable curve 7 : [0,1] —> X 
with constant speed parametrization is called e-geodesic if L(y) —e < d x ( 7 ( 0 ), 7 ( 1 )). 
The family of all e-geodesics is denoted with G e (X), and it is equipped with the 
topology that comes from doo( 7 , 7 ) = sup t d x ( 7 (f), 'y(t)). Measurability is under¬ 
stood in the sense of this topology. Obviously, we have G e (X) C G V (X) if e < 77 
and G°(X) = G(X). If X is compact, then G e (X) is compact with respect to doo 
by suitable version of the Arzela-Ascoli theorem. 

We need an extension of the notion of dynamical transference plan on G(X). The 
evaluation map et : 7 1 —» 7 (t) is continuous and measurable. A probability measure 
II on G e (X) is called dynamical transference plan between (eo)*II and (ei)+II. If 
k : X —> R is an admissible function, we can consider fc 7 for 7 £ G e (X) and the 
corresponding generalized sin-function and the modified distortion coefficient. One 
can check that 7 i-A N (| 7 |) is measurable on G e (X). 

Definition 6.1. Let (X, d x ) be a metric space which is separable, complete and 
compact. A subset Delis e-dense for e > 0 if B e (D) = X. 

Definition 6.2. Let (A, d x ) and (Y, d r ) be metric spaces. A map / : X —> Y is 
called e-isometry from X to Y if f{X) is e-dense in Y and for any pair x, y £ X 

\d Xi (x,y) -d X (fi(x), fi(y))\ < e. 

We say that X and Y have finite Gromov-HausdorfF distance if there exist an 
e-isometry from X to Y. 

Definition 6.3. A sequence (X,;,d x .)jgN of compact metric spaces converges in 
Gromov-HausdorfF sense to a metric space (X, d x ) if for each i e N there exist 
Ci > 0 and an ej-isometry /,; : X* —> X such that e^ —> 0 for i —> 00 . A sequence 
of metric measure spaces (Xj, d x . ,m x .) converges in measured Gromov-HausdorfF 
sense to a metric measure space (X,d x ,m x ) if the corresponding metric spaces 
converge in Gromov-HausdorfF sense and 

(/,;)* m x . —y m x with respect to weak convergence. 

Remark 6.4. For fixed i £ N the existence of an ej-isometry as in the previous 
definition implies the existence of a metric space (Z, d z ) and isometric embeddings 
Li, l : (Xj, d x .), (X, d x ) —y {Z, dz) such that ij(Xj) and t(X) are 2ej-close w.r.t. the 
Hausdorff distance (see Corollary 7.3.28 in BBIOlj l. More precisely, we can choose 
Z as the disjoint union of X,; and X, and d z \ x ? = d x ., d z |x 2 = d x and 

dz(zi, z 2 ) =€i + Jnf. [d x (zi, fi{x)) + d x . (x, z 2 )] if Zi £ X,z 2 £ X t . 
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In particular, d z (x, fi(x)) = e,. Additionally, /, induces a coupling between m Xi 
and (/i)* ni Xj such that 

J^d z (x,y) 2 dqi(x,y) < \\d z {x,y)\\ 2 Lao(Ziji) < e 2 

where qi = (id Xi , ff)* m x . • The previous estimate can be found for instance in 
the proof of Lemma 3.18 in [StuOGal . In the following, if i is fixed, we will always 
identify (Xi,d x .) and (A, d x ) with their embeddings in Z , and m x . and m x with 
their pushfowards with respect to l x . and l x respectively. Therefore, /j yields an 
L°°-coupling between m x . and (/,)* m x . in (Z,d z ). 

Proposition 6.5 ( [LV07] ). Let (A, d x ) be a compact length space. Then for all 
e > 0 there exists 8 > 0 with the following property. If (Y, d y ) is compact length 
space, f : Y —>• A is a 5-isometry and 7 : [0,1] —> Y is a geodesic, then there exists 
a geodesic j' : [0, 1 ] —> X such that d 00 ( 7 , ! /( 7 )) < e. Additionally, one can choose 
7 1 —> Y to be a measurable map from G(Y) to C?(A). 

Remark 6 . 6 . Let e, 8 , Y , / and 7 as in the previous proposition, and we choose Z 
such that A, Y embed into Z. Then doo( 7 , 7 O < e + 8 where doo is w.r.t. d z . 

Remark 6.7. Let (A^, d x J be a sequence that converges in Gromov-Hausdorff sense 
to (A, d x ). By the previous proposition for each e > 0 there exists i t £ N such 
that for i > i e and for each 7 £ C?(Aj), one can finde a constant speed curve 
7 i : [0,1] —> X with endpoints /i( 7 ( 0 )) = 7 i( 0 ) and fi(j(l)) = 7 i(l) such that 7 j 
and 7 are (e + 3ej)-close with respect to d^ in Z and 

(18) L(7j) < d x (7i(0),7j(l)) + 2ei. 

7 i is given by T/(/( 7 ( 0 )), Y( 0 )) * "/' * ^(y^l),/(7(1))) : [0,3] —> A where 7 ' is the 
curve from the previous proposition. Here, the operator * denotes the catenation 
of curves. More precisely, we define a rectifiable curve c : [0, 3] —>■ A via 

f\E'(/(7(0)),7 , (0))(t) if i e [0,1] 
c (0 = S 7 '{t - 1) if t e [1,2] 

U(Y(l),/(7(l)))(*-2) if t e [2,3] 

and then we define H/(/( 7 ( 0 )), 7 '( 0 )) * 7 ' * \E , ( 7 , ( 1 ),/( 7 ( 1 )) : [0,1] X as the 
constant speed reparametrization of c. The map <&i : G(X j) —>• G 2ei ( A) with i > i e 
and 7 1 —> 7 * =: T,;( 7 ) can be chosen measurable. In the following we will choose i e 
such that 3e, < e. Therefore, 7 is 2e-close to $*( 7 ) in A. 

Definition 6 .8. Let (A,, d x ,) be metric measure spaces converging to a metric 
space (A, d x ) in Gromov-Hausdorff sense. Let hi, k : Aj, A —► R be admissible 
functions. We say 


lim inf ki > k 

i—too 

if for each 77 > 0 there exists i v £ N such that ki(x) > k(fi(x)) — y if i > i v for each 
x G Aj. 
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Stability of the curvature-dimension condition. 

Theorem 6.9. For i £ N let (Xj, d Xi , m Xi ) be metric measure spaces that satisfy 
CD(ki,Ni) respectively for admissible functions ki and N, £ [l,oo). Assume Xj 
converges to (X, d x , nix) in measured Gromov-Hausdorff sense, and consider an 
admissible function k : X —> R and N £ [l,oo) such that 

lim inf ki > k & lim sup Ni < N & diamx i < L 

i—too 2—^00 

Then (X,d x ,m x ) satisfies CD{k,N). 


Lemma 6.10. Let k : X — > R be admissible and N > 1. For dynamical couplings 
(n n ) neN supported on G V (X) for some rj > 0 with the same marginals po,pi £ 
V(X,m x ) which converge to a dynamical coupling IIoo, it follows 

lim sup T^ n (II n | m x ) < T^ N (n^ | m x ). 

n—¥ oo 


Proof. First, we assume that k is continuous. We will show that 

iiminf J N (\'j\)go{'y 0 y^U n {d'y) > J r'| N (| 7 |)eo( 7 o) _ ^n oo (d 7 ). 

Let II„ )Xo (d 7 ) be a disintegration of II„ with respect to go for n £ N U {oo}, and 
let C £ (0, oo). We put 


u 0,n 




r (0 


r (l7l)AC 


n„ 


3 (^ 7 )- 


where n £ NU { 00 }. Since Cj,(X) is dense in L 1 (m x ), and since Vg n is bounded by 
definition, for each e > 0 there is ip G Cb(X) such that 


(19) 



\g 0 N AC - ip\dg 0 < e 


for all 


n £ N U { 00 } 


if C < 00 . Weak convergence of II ra — > IIoo on G V (X) implies that one can find n e 
such that for each n> n e , one has 

(20) J v$ t00 i>dp 0 < J v^ n ifdg 0 + e 

Putting together (flH|) and (l20l) one gets 

J v o,ool0o" AC]dg 0 < J v^nlQu 77 A C]dg 0 + 3e < J vy n g^~dp Q + 3e. 


It follows that for each C > 0 

(21) J vfi t 00 QQ W A Cdg 0 < lhninf J v^ n gg w dg 0 . 


Finally, let C —> 00 

[ ' r fe+ JV (lTl)£ , o('To) _: ^' n (<i'y) < liminf f vy n g 0 w dp 0 - 

J K -y n—too J 

The same statement holds with go replaced by g\ and n replaced by 

Now, let k be lower semi-continuous, and let ki be a sequence of continuous func¬ 
tions that converge pointwise monotone from below to k. By monotonicity of the 
distortion coefficients we observe that 



(It'D t T ^+ 


(I'll) 
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for any 7 g Q e . Therefore, 

Vo,00,i t Vq )00 and v^ n<i t v™ n if i -> 00. 

In particular, for e > 0 we can choose s e gN such that for i > i e 

J [ v o,oo,i ~ v o,oo] Qo 77 A Cdfio < e 

Hence, together with (12TT) it follows that 

J v 0 ,ooQ 0 77 A Cd To - e < iuninf J v™ n g 0 w dy 0 

and finally we let C —> 00 and e —> 0, and the result follows as before. □ 

Proof of Theorem. 1. First, let us assume that k is continuous. Gromov-Hausdorff 
convergence and diam x . < L yields that (X, d x ) is a compact geodesic space that 
satisfies volume doubling and diam x < L. Let (Z, d z ) be the metric space that was 
introduced in Remark 16.41 

Since lirninf ki > k, for each 77 > 0 there exist i v such that ki(x ) > k(fi(x)) — 77/ 2 
for any i > i v . Since k is continuous, there is e > 0 such that k(x) > k(y) — ri/2 
if d X {x,y) < 4e and e € (0, e]. We can choose i e > i v as in Remark RT71 such that 
3 ei < e and $,(C/(W)) C G 2e (X) for i > i e . It follows that kt 07 (f) > fco<I>,;( 7 )(f) — 77 
for i> i e since 7 and $ 4 ( 7 ) are 2 e-close. 

We can assume that m x . are probability measures. Since (/j)* m x . —> m x weakly, 
the L 2 -Wasserstein distance in X C Z goes to zero. Hence, there exists *o > i e 
such that dw{{fi)* m x t , mx ) 2 < e 3 /2 4 for i > i 0 . In the following we consider 77 
and choose a e and i > io as before. 

1^. Let gi be an optimal coupling between (/j)*m Xi and m x and let f/?; be the 
coupling between m x . and (/j)* m x . that was introduced in Remark l6.4l By gluing 
qi and qi one obtains a coupling qi whose total cost is less than Q + e 3 /2 < e if 
i > i e . It provides an upper bound for the L 2 -Wasserstein distance between m x . 
and m x in Z. Following |Stu06al one can define a map Q' i : 7 ? 2 (ni x ) —> TbfnixJ 
with 

( 22 ) S N (Qi(fj,)\m Xi ) < S N (fi\m x ) & d^(/x, Q•(//)) < S(i) 

where dw denotes the Wassertstein distance in (Z,d z ) and S(i) —> 0 for i —> 00. 
In |Stu06aj Q[ is constructed explicitely by disintegration of an optimal coupling 
with respect to m x .. But one can see that for the estimates (l22l) the coupling q is 
already sufficient. More precisely, we set n hl = Q'(/Zj) = Qj,id m Xi where 

= / Qj(x)Q'i{y,dx) = / / gj(z)Q' i (z, dx)Q' i (y, dz) 

Jx J XJX 

and j = 0 , 1 . Q\ and Q\ are disintegrations of q and q with respect to (/))* m x . 
and m x . respectively. In particular, Q'^y^dz) = 6 f i / x ' j (dz). Similar, we can define 
Qi : V 2 (m Xi ) -A- P 2 (m x ) by = g l dm x . where 

g l {x) — f g{y)Q\x,dy) = f f g(y)Q l (z,dy)Q l (x,dz) 

Jx Jx Jx 
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where Q l and Q l are disintegrations of qi and qi with respect to /* m x . and m x 
respectively. Again we have 

(23) S N (Q t (fj,)\m x ) < S N (n\m Xi ) & d 2 w {n,Q\n)) < 8 {i) 

In the next step we will transport probability measure from A to A) via Q , and 
we want to emphasize that this transport consists of two parts, corresponding to q 
and q respectively. 

2. Pick measures /xo = Qodm x and y,\ = pidm x in ^(A^m* ) with bounded 
densities. Due to the curvature-dimension condition on Aj, there exists a geodesic 
j and a dynamical optimal transport plan 11^ such that 

S N f (nt,i | m x .) < T^ n , (Ilj| m x .). 

By (|23l) we know that Sn> decreases and is a <5(x)-geodesic in V2(X,m x ) 

where S(i) —> 0 if i —> oo. By compactness of space converges to a geodesic 

/ i t between /xo and /xi- In the following we always write N instead of N'. 

We will generalize the map that was introduced in Remark 16.71 We pick a geodesic 
7 £ Xi and we consider the map <fq and the 2e-geodesic $1(7). Since A is a compact 
geodesic space, one can choose a measurable map T : X 2 —>■ G(X) such that \&(x, y) 
is a geodesic between x and y. For instance, this follows from a measurable selection 
theorem. Now we define a Markov kernel Q on G(Xi) xV(G 4e+d ' amx (A)) as follows. 
Consider the map H* : Q(X ,) x A 2 —> £ 4e + dlam * (x) that is defined as 


(7, Xq,xi) ^(x 0 ,$i(7)(0)) * $(7) * ’P(3> i (7)(l),xi). 


and consider Q'(-, dx), Qj and Here, the operator * is like in Remark 16.71 It is 
clear from the construction that S, : maps to (J 4e + dlam x (X) and cc j s measurable. 
We also set Sj i7 (-) := 5^(7, •). 

Then we define <2(7, da) = (Sj i7 )*P 70i7l (d(xo, Xi)) where 


-Hy 0 ; 7 l (d(*0, *®l)) 


gjO) 

Qj,i( 7(0)) 


Qi( 7(0), dx 0 ) ® 


Qj(x) 

6 j,i( 7(1)) 


Qi(7(l),dxi) 


Q is a Markov kernel. We define a dynamical transference plan 11,; on (j 4e + dlam * (X) 
via 

/ Q(7,dcr)ni(d7) = rii(dcr). Set (e 0 , ei )*IT i = 77. 

Jg{Xi) 

If / : A 2 —► R is continuous and bounded on A 2 , then one can compute that 


/ x 2 


f(x 0 ,Xi)n i (dxo,dx 1 ) = j J f(e 0 (a),e 1 (a))Q('y,da)U i (d'y) 

f /(x0, Xi ) g °^°' >gl ^ 1 ' > Qi (j/1 ,dx 1)77 (dyo, dyi )Q* (x 0 , dy 0 ) m x (dxo ) 
X 2 dx 2 Pl,i(yi) 


Since the equality holds for any /, we obtain an explicite formula for 77. If one 
chooses /(xo,xi) = fo(xo) or /(xo,xi) = /i(xi), one can see that that the first 
and the final marginal of are /xo and yi respectively. Let Hj iXOiXl (der) be a 
disintegration of IR with respect to 77. Let C > 0 be a constant. For 7 S fy(Aj) 
we define 


(l-p/co 

\-/+,N 

1,7 


(|7|) = b /+ (7) e [0,00] 
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and for a £ g 4 e+diam x (x) we define 

(T £ g 4e + diam * ha a~ /+ (a) := n {\&\) A C. 

<7 £ Q 4e + d iamx ^ a -/+(fj) j s continuous function with repsect to doo- The depen¬ 
dence of aT / + and on k, 77, N and C is suppressed in our notation but in step 
6 . we wil also write a k ^ + if necessary. 

3 . Let e t : G{Xj) -A Xi be the evaluation map. We consider (eo,ei)*IIj = 77 that 
is an optimal plan, and (eo,ei) : Tj -a supp77 C X x X. Let II i, yo , Vl (drf) be the 
disintegration of II; with respect to 7r», and let 7 Tj,i(y',dy) be a disintegration of 7 r; 
with respect to /zy; for j = 0 , 1 . We put 


(3/0) := / 

Jx, 


lx, jQ(Xi) 

and similar we define vi(yi) replacing 


rt~\, (| 7 l)n',. 


N' 
( 1-0 


L ( d 7Kj,i(3/o,<%) 


i.T 


,iV 


/(lil) b y 


_( 4 ) 


r(|7|). 


T fc!7V'( n il m vJ = 51 /. / 0o( X j)Qi(yj’dXj) 

•_n 1 J -AT 


3 = 0,1 


v j {y j )m. x {dy j ) 


> E 

j=o,i * 


Xi ./X 


-x J x 


f'j (•'•.)) w QiiVji dxj)vj(yj) rn x . !>/.,/,) 

■^rArQi(yj,dxj)v j (y j )fj,i(dy j ) 

QjAVj) 


One has the following identity. 

(t)o = [ [ [ eo{x 0 ) 

Jx? Jx 2 J 


='(tb 


" Q'(y 1; dxi)Q'(?/o,dxo)6 (7) n i,y 0 ,yi( d 7)^(d3/o,d3/i) 


at? 


Qo, 4(3/0)01, *(3/1) 

J J 2 £>o(a;o) _ ^Py 0 ,y 1 (d(a:o,Xi))& _ (7)n i! j /0 ,y 1 (d7)7r l (d(j/o,3/i)) 

'—- - -' 

=-h{vo,yi) 

/ M e o(7)> e i(7))fr~ (7)111,2/0,2/! (d'y)ni (d(yo, yi)) = (#) 


In the last equality we used that (eo, ei)(7) is constant and equal to (j/o, 3/1) on the 
support of n iiy 0 iyi (d7). 

(#) = / / / [a - (( 2 i, 7 (aio,(Ci)) + ( 6 “( 7 ) - a“(S J) 7 (a;o,(Ci)))] 

x P 70i7l (d(x 0 ,a:i))n iiJ/0il/1 (^7)77(d(y 0l yi)) 

= J j ^ eo(eo(S l)7 (x 0 ,xi)) _ ^a _ (E:i i7 (xo,xi))P 70i7l (d(xo,xi))nj(d7)| = (**) 0 

+ / / / do^o) - ^ (ft - (7) - a _ ( 5 l; 7 (x 0 ,xi))) 

7 a 2 J Jx 2 

x £70,71 (d7)7Ti(d(y 0 ,yi)) 


> — (*)o 


and similar for (f)!. 
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4 . Consider m = inf {77 > 0 : gi({d x > 77}) < 77} and a positive 77 > to such that 
77 < to + e/ 2 . By Markov’s inequality and since i > io (for instance see the proof 
Proposition 2.6 (i) in [Stub]) one has 


d x( x ,v)dqi(x,y)J < ( 2 ( e /2 )) 3 = e/2. 

Therefore, it follows 77 < e and (y ({d x > e}) < qt ({d x > 77}) < 77 < e. Define 
{d x < e} =: C X x X. 

Let us consider (*) 0 . 


(*)o — 


(6 (7)-a (S*, 7 (x 0 ,xi)))g 0 (x 0 ) N 


-1 0o (2:0)01 (*1) 


X? J Jx 4 00 ,1 (70)01,* (71) 

x Qihi,dx 1 )Q' i (x 1 ,dz 1 )Q' i ('y 0 , dx 0 )Q(x 0 l dz 0 )Tli,y o ,y 1 (<^7)71* (<i(y 0 ,2/i)) 

= / // ( fo— (7) - a _ (2i, 7 (xo,xi)))0 O (x o ) 1_ ^ 

Jx 2 J Jx 2 

x Qi(7o, dx 0 )Q(x 0 , dzo)n ijy0i!/1 (<^7)77(770, dyi)) m x . (dy 0 ) 

= / // (Mt) - a _ (S l>7 (x 0 ,Xi)))...+ / / / (fo"(7) - a - ( 5 i)7 (x 0 ,xi)))... 

ix 2 J Jx* Jx 2 J J{x*y 

" -----■---V-' 

-(II) *(-0 

Since a~ and go are bounded, there exists a constant M := M(C) > 0 such that 

{!)>- / / MQ' i (yo,dx 0 )Q{xo,dzo)Il i ,y 0 , yi (d'y)TT i (yo,dy 1 ))m Xi (dyo) 

Jx 2 J J(X*)c 

= / / MQ' z (y 0 ,dx 0 )Q(xo,dz 0 )TTi(yo,dy 1 )m Xi (dy 0 ) 

Jx 2 J{x*Y 

MQ(x 0l dz 0 )Q'i{yo, dx 0 ) m x . (dy 0 ) 

Ay J(x*) c 

MQ(x 0 ,dzo)Q 1 (xo,dy 0 )m x (dx 0 ) = - 2 Mq z ((X e ) c ) > - 2 Me 

Xi J( X‘)c 

Consider (II). Define measures on X 2 as follows 

Pyo,yi (A x B) = 

* / \ 0o(x o )0i(xi) { 

IAxB\Zq,Z\) - - -r- - -- 

>(X *) 4 0 O,i(yo) 01 ,i(yi) 

Then 


L 


Q' i (y 1 ,dx 1 )Q' i (x 1 ,dz 1 )Q , i (y 0 , dx 0 )Q' i (x 0 ,dz 0 ) 


(II) = 


(b (7 )-a (a))g 0 (x 0 ) " (= 7li )*P 7o , 7l (do)U.i m , yi ((* 7)77 (d(y 0 , 7 / 1 )). 


By construction of E^ )7 we have that E^ 7 maps the support of P 70)7l to Q^ e {X) 
and Ei r/ ^suppP 70i7l ^ is 4 e-close to 7 in Z. Therefore b~(^) — a _ (‘) > 0 on the 
support of (Sj i7 )*P 70i7l (da). Hence, (II) > 0 . We obtain 


( 24 ) T^ N ,(Ui\m x .)> a (a)g 0 (a 0 ) N + a + (a)g 1 (a 1 ) » n ?; (<icr) - 4 Me 
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5 . Since g 4e + dlam x (X) is compact with respect to doo, Prohorov’s theorem yields 
that there is a subsequence of n, that converges to a dynamical transference plan II 
that is supported on ^ 4e + dlam x (X). gy a straightforward modification of Lemma 
16.101 (replacing r k -/+ N by a~^ + ) it follows that 


RHS 


(ct)0o(co) n + a + (a)gi(<Ji) x U(da) — 4Me. 


We show that (eo, ei)*n =: tt is optimal and II is actually supported on G(X). The 
first claim follows by construction of II,;. We have an explicite representation for 
the coupling tt.^ that is the same coupling as contructed by Sturm in |Stu06b] (more 
precisely, this is q r on page 154). It is an almost optimal coupling between go and 
gi and the error becomes small if i is large. Therefore, since 7fj —> tt weakly and 
since the the Wasserstein distance is l.s.c. with respect to weak convergence, tt is 
optimal for go and g i- 

For the second claim we decompose II, (i > io) with resepect to X £ . This can be 
done similar as in the construction of P from above. Consider 

J ^(Si >7 )*P 7o>7l ^ (da)Hi(d'y) =n,(cr) and II, - fb = IT 


By construction IR is supported on Q 4e (X) that is compact. Therefore, we can con¬ 
sider another subsequence of IR such that IR converges to a measure II supported 
on G 4e (X). We can conclude that also IR — > II — n weakly and IIi(t/ 4e+dlamx (X)) < 
4Me for i > i 0 . Thus (II — n)(t/ 4c+dlamx (X)) < 4Me. By a diagonal argument 
we obtain (II — fl)(t/ 4e+dlamx (X)) < e and suppfl C Q 4e (X) for any e > 0. Hence 
n = II and it is supported on Q (X). 


Together with the convergence of to /j, t (see the beginning of step 2 .), the 

curvature-dimension condition on X,; and lower semi-continuity of Sjv, we get 


(25) 


S N (nt\m. x ) < -J a {cr)g 0 (a 0 ) x + a + (a)gi(ai) x n(der) 


Since r/ was arbitrary, application of another compactness argument yields the 
inequality for k instead k — rj. 

6 . In the last step we want to remove the remaining assumptions, namely continuity 
of k and boundedness of Qj and a _ / + . 

We consider general absolutely continuous probability measures Hi = Qid m x £ 
V 2 (X 1 m x ) and an arbitrary optimal coupling n of them. We define 


E r := {(xq, Xi) £ X 2 : gi(xi) < r for i = 0, l} 


and for i = 0,1 

lA = (Po)* (^{E r y 1 TT\ E ^j ■ 

Then /i[ has bounded density and we have W2(/Zi,/z[) < e for r > 0 sufficiently 
large. If k is lower semi-continuous, we take monotone sequence of continuous 
functions k n that approximates k from below. Since we can repeat all the previous 
steps, for any pair (r, n) we obtain an optimal dynamical coupling and a 

Wasserstein geodesic suc h that (|25l) holds with k replaced by k n . The right 
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hand side of (12511 is monotone with respect to r and k n - Therefore, we obtain 
S N (n r t |m x ) < - 7 T(E r )TT [ far (7)(eo(7d)Ar)-^ + at n ( 7 X 01 ( 71 ) A r)"^j II r (d7) 


< -n(E r )k j [a** (7X00(70) Af) * + ( 7 )(^i(7i)((7i) A f) "J IT(d7)- 

for (r,n) > ( r,h ). Compactnes yields converging subsequences II( ri)rii ) and 

for i —>■ 00 and by the definition of weak convergence the limits of II and fit satisfy 

S N (fi t \m x ) < - f [%, (7X00(70) Af)“^ + at (7)(01(71) Af) _ ^l n(d 7 ). 


This follows since a fc / + is bounded and continuous and the densities Qi A f can be 
approximated by functions if £ Cb(X) (compare with the proof of Lemma 16 . 101 ) . 
We let f,n —> 00 . Then the theorem of monotone convergence yields the estimate 


(26) S N (fi t |m x )< 


a k {a)Qo{<T 0 ) ” +a+(cr)pi(CTi) " 


n(dcr). 


Finally, we let C /* 00 . Then 

a~ ,+ (l) r™ /+ jv (|'y|) € R U { 00 } 

for any 7 £ G(X) and again by the monotone congergence theorem the left hand 
side in (l26l) converges to 


(27) S N (fi t \ m x ) < - 
This finishes the proof. 


f-l(l7l)eo(7o)-^ 




, (I'VI)(71) N n(d 7 ). 


□ 


Corollary 6.11. Let (Mi, g M .)i^ be a family of compact Riemannian manifolds 
such that 

ric Mi > ki & dim Mi < N 

where ki : Mj —> R is a family of equi-continuous functions such that ki > —C 
for some C > 0. There exists subsequence of (Mj, d Mi , vol Mi ) that converges in 
measured Gromov-Hausdorff sense to (X, d x ,m x ), and there exists a subsequence 
of ki such that limfci = k. Then X satisfies the condition CD(k, N). 

Proof. Since there is uniform lower bound for the Ricci curvature, Gromov’s com¬ 
pactness theorem yields a converging subsequnce. Then, Gromov’s Arzela-Ascoli 
theorem also yields a uniformily converging subsequence of ki with limit k. Finally, 
if we apply the previous stability theorem, we obtain the result. □ 


Remark 6.12. One can also prove the stability of the condition CD(k,N ) with 
respepet to pointed measured Gromov-Hausdorff convergence. For instance, one 
can follow the proof of Theorem 29.24 in |Vil09] . 


7 . Non-branching spaces and tensorization property 

Lemma 7.1. Let (X, d x , m x ) be a non-branching metric measure space that satifies 
CD(k,N). Then, for every x £ suppm x there exists a unique geodesic between x 
and m x -a.e. y £ X. Consequently, there exists a measurable map 4/ : X 2 —> G(X ) 
such that ^(a :,y) is the unique geodesic between x and y m x ®m x -a.e. . 
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Proof. Since k is bounded from below on any ball Br(x) by Theorem 15.31 one can 


adapt the proof of Lemma 4.1 in IStuOfib] . 


□ 


Proposition 7.2. Let k : X -A K be admissible, N > 1 and (X, d x ,m x ) be a 
metric measure space that is non-branching. Then the following statements are 
equivalent 

(i) (X, d x ,m x ) satisfies the curvature-dimension condition CD{k,N). 

(ii) For each pair yo, yi £ V 2 {X, m x ) there exists an optimal dynamical trans¬ 
ference plan II such that 



for all t £ [0,1] and Il-a.e. 7 £ G(X). Here g t is the density of the push- 
forward of II under the map 7 1 —> . That is determined by 



L 


for all bounded measurable functions u : X —> KL 

Proof. “<*=”: Let N' > N and Qid m x = /q £ P 2 (Al,m x ) for i = 0,1. Holder’s 
inequality yields 



Additionally, Lemma Pi. 1 II yields the estimate 



and similar for the term involving £;+. Finally, integrating the previous inequality 
with respect to n yields the condition CD(k,N). 

Consider probability measures /q = Qidm x for i = 0,1. Let n be an opti¬ 
mal dynamical coupling. Since for m x ® m x -a.e. pair ( x , y) there exists a unique 
geodesic 7 x<y , there exist an optimal coupling 7 r such that n can be written in the 
form 8 ry x y dn(x,y). We consider closed balls of increasing radius R for some fixed 
point xq- k is bounded from below by a constant k on each Ball, and therefore 
one can follow |Stu06bj and prove a local measure contraction property (in the 
sense of |Stu06bl 1 that holds in each ball (for instance see [Stu06b| h Hence, we 
can apply the main result of Cavalletti and Huesmann in EH]. It tells us that, if a 
measure contraction property holds locally on a non-branching space, each optimal 
coupling between absolutely continuous probability measures is unique and induced 
by a measurable map. Therefore, the curvature-dimension condition for po and y,\ 
becomes 



Now, we can follow exactly the proof of the corresponding result in |IStu06bl . □ 
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Proposition 7.3. Let (X, dx,m x ) be a non-branching metric measure space that 
satisfies CD(k, N), let k' : X K be lower semi-continuous and let V : X —> 

[0, oo) be strongly k'V-convex in the sense of Definitio ns. l6[ Then ( X , d x , V N m x ) 
satisfies the condition CD[k + k', N + N r ). 

Proof. The proof is a straighfoward calculation using the characterization of CD(k , N) 
for non-branching spaces, Corollary 14.21 and Holder’s inequality. □ 


Theorem 7.4. Let ( Xi , d Xi , m Xi ) be non-branching metric measure spaces for i = 
1,..., k statisfying the condition CD(ki, Ni ) for admissible functions ki : Xi —> R 
and Ni> 1. Then the metric measure space 



(Y,d y ,m r ) 


satisfies the condition 


where (minj = i. 


CD 


( min ki , max N 
*=i....,fe *=i.fc 


,k ki)(x i, ...,x k ) = min-tfci^i) : i = 1,.. .,&}. 


Proof. It is enough to consider k = 2 and measures of p o and pi in V 2 (Y, m v ) of 
the form po = p q 15 ® p^ and p\ = p ^ ® /.i < 1 2) . Then general case follows in the 
same way as in IBS 10) for instance. Consider dynamical optimal couplings n (,) 
for Pq } and p < f > such that (1281) holds according to our curvature assumption. Let 
(eo,ei)*n (i) = 7 r (i) . The pushforward of 7r (1) ® 7 t ( 2> with respect to 


/™(1) t (2) 


f) (X (1) - (2) - (1) 


4 2) ) 


t/Q 5 J *^0 ’ * 

becomes an optimal coupling 7r between po and p\. There is also a measurable map 
( 7 ( 1 ) , 7 (2) ) € G{X l) x G(X 2 ) ( 7 ( 1 ) , 7 (2) ) £ G{Z). Therefore, we can consider the 

pushforward n of n (1) x n (2) with respect to this map. Since (eo,ei)*n = 7 r, n is 
an optimal dynamical plan for po and p\. 

Claim: For geodesics 7 (1) £ G(X i) and 7 (2) £ G(X 2 ) consider 7 = ( 7 ( 1 ) , 7 (2> ) £ 
G(Y), then we have 


rW 


v 1 (It ( 1 ) I) JVi 


r w 

fc 2 , 7> iV 2 


(|7 (2) |)" 2 > 


k 1 ,N 1 -\-N 2 


(l7l) 


N 1 + N 2 


The claim follows immediately from Corollary 14.21 combined with the observations 


that ri‘ ) , Ar (| 7 |) = r 


(*) 

MtIMv 


( 1 ), that | 7| 2 = | 7 (1) ' 2 


| 7 (2) | 2 , and that 


ki o 7 W (f| 7 W |) = h o 7 w (t) > min {ki o 7 (f)} = (min i= i 2 h o 7 ) (t| 7 |). 

i— 1,2 

for i = 1,2. The rest of the proof works exactly like the proof of the corresponding 
result in IDSllj . □ 


8 . Globalization of the reduced curvature-dimension condition 


Definition 8.1. If we replace in Definition 14.41 




^,( 171 ) 1 ^^,( 171 ). 


we say (X,d x ,m x ) satisfies the reduced curvature-dimension condition CD*(k,N). 
Obviously, we always have that CD(k,N) implies CD*(k, N). 

We say that (X,d x ,m x ) satisfies the the curvature-dimension condition locally - 
denoted by CDi oc {k 7 N) - if for any point x there exists a neighborhood U x such 









ON THE GEOMETRY OF METRIC MEASURE SPACES WITH VARIABLE CURVATURE BOUNDS 


that for each pair po,pi £ V2{X, m x ) with bounded support in U x , one can find 
a geodesic pt £ V2(X,m x ) and an optimal dynamical coupling II £ V(G(X)) such 
that (fT^l) holds. Similar, we define CD} oc (k, N). 

Remark 8.2. All the previous results of this article also hold for the condition 
CD*(k, N ) though constants and estimates are in general not sharp. 

Theorem 8.3. Let (X, d x ,m x ) be a non-branching and geodesic metric measure 
space with suppm x = X. Let k : X -A R be admissible. Then the curvature 
dimension condition CD*{k,N) holds if and only if it holds locally. 


Proof. We only have to show the implication CD* oc (k, N ) implies CD*(k, N). Let 
us assume the curvature-dimension condition holds locally. Therefore, a Bishop- 
Gromov volume growth result holds locally, and it implies the space is locally 
compact. Then the metric Hopf-Rinow theorem implies that X is proper. Hence, 
we can assume that X is compact. Otherwise, we choose an exhaustion of X with 
compact balls Br(o) such that the optimal transport between measures supported 
in B r (o) does not leave B 2 r(o). For instance, compare with the proof of Theorem 
5.1 in IBSlOj . Similar as in the proof of Proposition 17.21 one can also see that 
a measure contraction property holds locally. Then, the result of m implies 
uniqueness of i 2 -Wasserstein geodesics. 

By compactness of X there is A £ (0, diam x ), finitely many disjoints sets L \,..., Lfc 
that cover X and have non-zero measure, and finitely many open sets Mi ,..., M /. 
such that B\{Li) C M, : for i £ {1,. .. k} and such that (fl2ll holds in Mi for each i 
(for instance, see the proof of Theorem 5.1 in |BS10j f. 

Let fiQ , fii £ V 2 {X,m x ) be arbitrary and let fi t be the L 2 -Wasserstein geodesic 
between po and p±. Consider pt and ps such that s — t< A/ diam x . We define v T = 
P(i- T )t+ T s is a geodesic between pi and p s , and any transport geodesic has length 
less than A. n denotes the optimal dynamical transference plan that corresponds 
to u t . We decompose u 0 with respect to (L,)i=i,...,fc as follows 


uo 


k 

£■ 


i 


k 

: v o\u = £^o 


r-f u 0 (Li) 

1=1 

Define Ci = {7 £ G(X) : 7 ( 0 ) £ Li} with u 0 (Li) = H(£,;). The restriction property 
of optimal transport yields that n* = n(£i) _ 1 n|£ i are optimal dynamical couplings 
between and v\ = (ei)*n* and n l induces a geodesic u* between i/q and v\ = 
(ei)»n\ By construction v\ is supported in Mi. Hence, the condition CD{k,N ) 
implies 

> f7 i 1 -” x (l7l)£ , o(7(0))“^ +<|, w (l7l)0i(7(l))“^ 

for n*-a.e. 7 £ G(X) where g\dui x = dv\. In particular, v t is abslutely continuous 
with density g t = (C,~i St- 

The measures Uq are disjoint. Therefore, the measures v l t for i = 1 ,...,k are 
disjoint for any t £ [0,1) (see for instance Lemma 2.6 in [BSlOj h Since any optimal 
transport between absolutely continuous probability measures is induced by an 
optimal map, we can conclude that also v\ are disjoint. Therefore, for any t £ [0,1] 


Qt{x ) w = 


1 


k 


sl 0 ) 


(29) 
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where g\d m x = dv l t . Hence 

> o-‘ 1 -“^(|7|)eo(7(0))"^ + fT i+, w (l7l)£ , i(7( 1 )) - ^ for n-a.e. 7 <E Q(X). 

In particular, the previous argument holds for each s,t £ [0,1] fl Q. Thus, if p t is 
the unique geodesic between po,di an d n is the corresponding optimal dynamical 
plan, we showed that 

> ^^ t)) {{s - t)\^\)p t (j(t))-^ +o-' + ‘”((s-t)|7|)p s (7(s))"^ 

for n-a.e. geodesic 7 and each t,s £ [0,1] fl Q where r(t) = (1 — t)t + ts. If we 
pick such a geodesic 7 , the inequality holds also globally along 7 for p t by Corollary 
13.131 Then the result follows. □ 
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